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Introduction.

Comparisons of dental caries incidence rates from clinical
trial data are complicated by two conditions: that there is
always some unknown amount of error in the diagnosis
of caries, and that teeth are necessarily observed in clusters
rather than as statistically independent individuals.

In response to the problem of diagnostic error, Carlos
and Senning (1968), Lu (1968), and Poole et al. (1973)
developed three different models of caries incidence with
misclassification. These ingeniously conceived models, each
based on its own set of assumptions about the mechanism
of diagnostic error, produce incidence estimators that are

“accordingly adjusted for error. Estimators from all the

models are functions of the observed frequencies of teeth,
in the following categories: .

S; = CC, teeth diagnosed as decayed, missing, or filled
(DMF) at pre-intervention and post-intervention
examinations;

S, = NN, teeth diagnosed as normal at both examina-
tions;

S3 = NC, teeth diagnosed normal before infervention,
DMF afterward (the size of this category is the
observed incidence of caries during the trial); and

Sq4 = CN, teeth diagnosed DMF before intervention and
normal afterward (i.e., “reversals™).

By the existence of three competing approaches, there
naturally arise questions of the models’ validity, fit, and
relative strengths. Moreover, in addition to these concerns,
there is the issue of how to describe the statistical behavior
of the estimators resulting from the models, for, even if no
adjustment for misclassification were necessary, the non-
independence that characterizes frequency counts of teeth,
by virtue of their clustering by mouth, precludes the appli-
cation of standard techniques (see, e.g., Fleiss, 1980) for
comparing incidence rates from independent observations.
Thus, at the time of publication of the models, the task of
determining means, variances, and statistical distributions
of the model-induced estimators was not satisfactorily
addressed.

The models and foregoing issues surrounding their use
were the subject of some work (Reed, 1978; Reed and
McHugh, 1979) in which was suggested a methodology,
applicable with any misclassification model, for making
statistical inferences on caries incidence rates. The rationale
of the approach is as follows: Measurement error and ex-
perimental error may be regarded as two distinct random
components of an experiment; in a caries clinical trial,
the measurement component, ie., diagnostic error, is
deterministically removed by whatever misclassification
model is employed, so that the execution of the research
design remains as the source of the random element of the
data, The specific design involves a finite population of

teeth, clustered by mouth and subject to a single-stage
cluster sampling procedure (see, e.g.,, Sukhatme and
Sukhatme, 1970) for drawing two samples as control and
intervention groups. This well-kknown sampling design
accommodates the clustering problem and provides for the
distribution theory of the observed frequencies of the
diagnostic categories. With means and variances of the
frequencies as input, the multivariate delta method for
obtaining the distribution of the incidence estimator
completes the technique.

Unfortunately, this solution is not a universal one.
Statistics from finite population sampling require either
knowledge of the population size or assurance that sample
sizes are negligible relative to that of the population. Such
requirement is not met in research situations in which, for
example, the population is neither well-defined nor well-
enumerated. Next in this presentation, then, will be detailed
a closely related but more generally applicable alternative:
randomization testing.

The randomizatior: approach.

A simple design for a caries clinical trial may start with
the identification of N eligible trial participants, each of

.whom possesses a cluster of teeth whose number varies

from.-cluster to cluster. At random, participants or, equiva-
lently, clusters are assigned to a control group or to a group
which is to receive some cariostatic intervention, If the
control group is to contain n clusters, then under proper
randomization there are (3yC,) equally likely ways to assign
the N clusters to the two groups. The trial is then conducted,
and upon its conclusion diagnostic category frequencies
for each group are counted, a choice of misclassification
model is made, and resulting estimates of incidence by
group are obtained.

The randomization testing technique for evaluating the
observed difference in incidence rates of the groups pro-
ceeds under the hypothesis that there is no effect of inter-
vention on incidence and that, consequently, differences
observed between groups are due only to the groups’ ran-
dom composition, determined by the investigators before
the trial. Each such composition has probability 1/(C,) of
being chosen for the trial, and since each composition
generates its own category frequencies and incidence
estimators for both groups, the null distribution of these
statistics is thereby induced. Since the randomization is of
clusters rather than of individual teeth, cluster effects are
explicitly and fully comprehended by the technique. For a
more. general exposition of the randomization approach,
due to Fisher (1935), see Kempthome (1955).

In symbols, the random assignment to groups is described
by the indicator random variables ¢, (m =1, ... ,N), each
of which assumes the value 1 with probability n/N and the
value 0 with probability (N-n)/N; further, the ¢, must sum
to n. So, if ¢y, = 1, then the mth cluster is assigned to
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control, otherwise it receives the intervention. The ¢y, are
the trial’s elemental random quantities, to which all statisti-
cal behavior is traced. Their moments are easily derived
from their distribution:

E(cm) =n/N,
Var(cm)=% (1 — 1%)’ and

-1 N-—n

Cov(cy,tm ) = N [N (N—l)] .

Let Xim denote the number of teeth in category S; from
cluster m, k; the number of category S; teeth in the control

group, and K; the number of S; teeth in both groups. Then,
because of the relationship

N
ki = E Cm Xn’n 3
m=1

The moments of the k; are readily achieved:

n
E(k;) = N Ki
Var(k;) = EQ-\II'\I‘—“) 0;2, and (Eq. 1)
n(N—n
Cov(k;, k;) - o) N ) 0ij»

where N _
O'i2 = 21 (le —-Ki)2 /(N—~l), and
m:

N - . -
0y = m§1 (Xim —Ki) (Xijm —Kp)/(N-1); with K;=K;/N.

Because of the prodigious effort of enumeration usually
required to know the exact distribution of the k;, the
alternative of large sample approximation is preferred.
The k; are sums (over m=l, , N) of the variates
¢m Xim, Which, though not independent of each other, are
assumed to satisfy conditions on dependent sequences that
permit application of the Central Limit Theorem (see, e.g.,
Puri and Sen, 1971). So, for sufficiently large n and N, the
k; are approximately normally distributed with param-
eters (1).

For the control group, the caries incidence rate, which is
the true number of teeth in the group to become DMF
during the trial per number of clusters in the group, is
estimated according to Carlos and Senning by

(kl +k2 +k3 +k4) (k3 —k4)

n(ks —kq) + 0/ (k; +k9)2 — 4ksky ’ (Eq.2)
and according to Lu by
(kqy +ky +k3 +ka) (k3 —kg)
Tt (Bq.3)

n(kl +k2 +k3 —3k4)

(For simplicity’s sake, the model of Poole ef al. has been
omitted. Nevertheless, the present techniques are applicable
to it.) Given a model, let r(ky, k,, k3, k4; n) denote its
estimator for the control group. The estimator for the inter-
vention group, then, is similar, with K;—k; and N-n replac-
ing k; and n, respectively, so that the difference in rates
between groups is a function of the k;:
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d=1(ky, kg, k3, ka3 n) — (K —ky, Ka—kg, K3—k3, Kg—kq; Ny

Since (ky, ka, k3, kq) is approximately multivariate normy|
by the multivariate delta method (see Bishop et al, 1975)
d has an approximately normal distribution with mean zerq
and variance

E Di%0;% + E E D;D; o33,
i=1 i=1 j=1
i#Fj

where Dj is the partial derivative of d with respect to k;,
evaluated at kl —E(kl) kz—E(k2) k3 E(k3) and at k
E(k4). Expressions for the D; are derived in the Appendlces

An example. — The randormzatmn technique wy
applied to some data provided through the courtesy of
Professor Lawrence Meskin of the University of Minnesot,,
Table 1 displays the observed frequencies of the categorieg
Si, and Table 2 gives the variances and covariances of the
frequencies from (1). Table 3 lists estimates of the ingj.
dence rates from expression (2); their difference; calculated
partial derivatives, Dj; and the resulting approximation of
Var(d). The same quantities for the Lu model, with estima-
tor (3), are shown in Table 4.

The statistic d/</Var(d) is approximately standard
normal and has p-values of 0.512 (C—S) and 0.511 (Lu) for
the hypothesis of no true difference in rates.

TABLE 1
DIAGNOSTIC CATEGORY FREQUENCIES
Control Intervention Total
Diagnostic n=300) (N—-n=277) (N=577)
Category k; Ki—k; K;j
Sq 934 864 1798
Sq 4368 4107 8475
S3 201 174 375
Sq 78 78 156
TABLE 2
VARIANCE-COVARIANCE MATRIX OF THE k;
k; 377.8584 —~359.5767 -103.1477 ~47.7861
ko 1855.7368 -4.0038 9.4190
k3 112.3362 —11.5937
kq 60.4599
TABLE 3

CARLOS-SENNING ESTIMATES AND THE
APPROXIMATE VARIANCE OF THE DIFFERENCE

Control Incidence Rate 0.4223
Intervention Incidence Rate 0.3576
Difference, d 0.0647
Dy —0.00000464
Dy —0.00000464
D3 0.00715776
4 ~0.00685211
Approximate Var(d) 0.009736
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